Dynamic nuclear polarization ͑DNP͒ of 29 Si nuclei in isotopically controlled silicon single crystals with the 29 Si isotope abundance f 29Si varied from 1.2% to 99.2% is reported. It was found that both the DNP enhancement and
I. INTRODUCTION
Recent proposals of silicon-based spintronic 1 and quantum computing [2] [3] [4] [5] devices have activated worldwide efforts in investigation of spin-dependent phenomena in silicon. Realization of silicon spin transistors 1 requires formation of efficient spin injectors on silicon. [6] [7] [8] [9] Silicon-based quantum computers require overcoming of technological challenges such as achieving long coherence time of electron 10, 11 and nuclear 12 spins, fabrication of appropriate nanostructures, 13 initialization of spins, [14] [15] [16] [17] and readout of electron 18 and nuclear 19 spins. Furthermore, it has been shown that the qubit clock speed of at least 10 kHz is needed 20 for practical operation of Shor's factoring algorithm. 21 In this regard electron spins that can be operated much faster than 10 kHz are excellent candidates as quantum processors. However, coherence time of electron spins is typically much shorter than that of nuclear spins. Therefore, there often is the case that nuclear spins are needed as memory qubits that can store information practically forever with implementation of appropriate error correction schemes. Here challenges to be overcome are difficulties in initialization and readout of nuclear spin states.
The present paper describes dynamic nuclear polarization ͑DNP͒ experiments to enhance the polarization of 29 Si nuclear spins toward efficient initialization needed for nuclear-spin-based silicon quantum computing. DNP induced by the Overhauser effect ͑OE͒ and/or the solid effect ͑SE͒ is based on the transfer of equilibrium electron polarizations at temperature T and magnetic field B to target nuclear spin systems. The Overhauser effect is driven by saturation of allowed electron paramagnetic resonance ͑EPR͒ transitions ͑⌬m S = Ϯ 1, ⌬m N = 0, where m S and m N are the electron and nuclear magnetic quantum numbers, respectively͒, followed by flip-flop relaxation ͑⌬m S + ⌬m N =0͒ in electron-nuclear systems coupled by contact hyperfine interaction. 22, 23 The solid effect is driven by saturation of forbidden flip-flop and flip-flip transitions ͑⌬m S + ⌬m N = Ϯ 2͒ in dipolar-coupled electron-nuclear systems. [23] [24] [25] [26] The maximum theoretical value of DNP enhancement E, the ratio of the polarization after DNP P N to the equilibrium nuclear polarization P N0 , is given by E max = ␥ e / ␥ N = 3310 for silicon, 23 where ␥ e = 28 MHz/ mT and ␥ N = 8.5 kHz/ mT are the electron and 29 Si nuclear gyromagnetic ratios, respectively.
A first series of DNP experiments in silicon was reported by Abragam et al. 27 in the context of producing silicon targets for nuclear physics experiments. Using phosphorus doped silicon with a donor concentration N d =5 ϫ 10 16 cm −3 , E = 1200 and 120 were achieved via the Overhauser effect at 77 K for the resonance frequencies 200 MHz and 9 GHz, respectively. 27 At 4.2 K, the solid effect dominates DNP and E = 30 corresponding to P N = 0.048% was observed under the saturation of the phosphorus EPR lines using 9 GHz. 28 The efficiency of DNP in phosphorus doped silicon at low temperatures is limited by two factors: ͑i͒ long electron spin-lattice relaxation time T 1e of a phosphorus donor electron that limits the transfer rate of the electron polarization to the nuclear spins 11, 29 and ͑ii͒ inhomogeneously broadened phosphorus EPR lines in naturally available silicon causing "differential" solid effect. 24, 26 Large E and P N were achieved with uniaxially stressed boron doped silicon at 1.2 K. 30 DNP employing "integrated" solid effect, which involved reversing electron spin polarization by the application of microwave pulses or fast adiabatic passage through the inhomogeneously broadened EPR line, lead to a large steady-state DNP enhancement E ss = 1000 and DNP degree P N ss = 4.4%. Note that T 1e of boron acceptors is three orders of magnitude shorter than that of phosphorus donors. 31 Optical nuclear polarization ͑ONP͒ of 29 Si in bulk silicon was demonstrated by Lampel. Without the application of the resonant field, Lampel demonstrated ONP of P N ss = −0.0002% ͑E ss = −5.6͒ and P N ss = 0.0007% ͑E ss = 28 000͒ by simply illuminating unpolarized and circularly polarized light, respectively, to a n-type silicon crystal having N d =2 ϫ 10 13 cm −3 at 77 K. 32 Afterward, the important role of electrons localized at deep levels in the silicon band gap was established by Bagraev and Vlasenko. 33 ONP was shown to be a result of relaxation via forbidden flip-flop and flip-flip transitions of the dipolar-coupled electron-nuclear system. A highly enhanced ONP degree in weak magnetic fields B was obtained because the rate of these transitions is proportional to 1 / B 2 . ONP study in silicon has recently been extended to helium temperature and high magnetic field ͑4.2 K and 7 T͒ regime and has successfully achieved P N ss = 0.25%.
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Photoexcited triplet states ͑spin S =1͒ of defects in silicon were also employed successfully for efficient DNP and ONP. Nonequilibrium population of magnetic sublevels of triplet centers caused by spin-dependent transitions to the ground singlet state lead to the DNP enhancement many times larger than the maximum enhancement E max = 3310 expected for the classical DNP mechanisms using spin S =1/ 2 centers. Enhancements of 4000-50 000 were obtained by ONP of silicon using triplet centers. 34 Enhancement of nuclear polarization greater than 7000 was observed in recent DNP experiments using saturation of the EPR transitions of the photoexcited triplet states of radiation defects. 35 The present study focuses on DNP of 29 Si nuclear spins based on saturation of phosphorus donor EPR transitions. A phosphorus EPR spectrum consists of two absorption lines separated by 4.2 mT due to the isotropic hyperfine interaction with the phosphorus nuclear spin I =1/ 2. 36 The hyperfine interaction between an electron bound to a phosphorus donor and a nearby 29 Si nucleus ͑spin I =1/ 2͒ provides the simplest electron-nuclear spin system to evaluate theoretical models of DNP. 29 Si nuclear spins situating around randomly placed phosphorus are polarized by DNP and their spin orientations spread throughout the crystal by spin diffusion between dipolar-coupled 29 Si. Isotopic control of the 29 Si abundance in bulk silicon [37] [38] [39] allows us to change important parameters such as the diffusion barrier d, diffusion radius b, nuclear spin diffusion coefficient D, and the number of nuclei per paramagnetic center N N / N d , where N N is the 29 Si concentration. These parameters play important roles in theory of DNP, nuclear spin diffusion, and nuclear spinlattice relaxation. [23] [24] [25] [26] [40] [41] [42] Linewidths of 29 Si NMR and phosphorus EPR depend also on the abundance of 29 Si because the dipolar interactions between the lattice 29 Si nuclei and between 29 Si nuclei and phosphorus paramagnetic centers change with the 29 Si abundance. The present study investigates the effects of the 29 Si abundance and phosphorus concentration on DNP enhancement and nuclear polarization time of 29 Si. The experimental conditions to increase the nuclear polarization are explored by varying the electron spin-lattice relaxation time via temperature and illumination. The discussions toward further improvement of DNP in silicon will be given based on our experimental findings.
II. EXPERIMENTAL
The experiments were performed with phosphorus doped ͑N d Ϸ 10 15 cm −3 ͒ isotopically controlled silicon single crystals, whose 29 Si abundances f 29Si were varied between 1.2% and 99.2%. In parallel, silicon crystals of natural isotopic abundance ͑f 29Si = 4.7%͒ with different phosphorus concentrations N d Ϸ 10 15 -10 17 cm −3 were prepared. The sample parameters are summarized in Table I . Growth of the isotopically controlled silicon crystal is described in Refs. 37-39. A JEOL JES-RE3X X-band continuous-wave EPR spectrometer was used for phosphorus EPR signal detection and for DNP of 29 Si lattice isotopes through the saturation of phosphorus EPR lines. A sample placed in a cylindrical TE 011 mode cavity was cooled with an Oxford Instruments ͑ESR900͒ helium gas flow cryostat. The Oxford Instruments temperature controller ͑503ITC͒ kept the temperature in the range between 3.2 and 40 K with an accuracy better than ⌬T = 0.1 K. The first derivative EPR absorption lines were detected using 100 kHz magnetic-field modulation and a lock-in amplifier.
DNP was induced by saturation of a particular EPR transition using the same EPR spectrometer with a maximum microwave power of 200 mW at a fixed microwave frequency of 9 GHz. The magnetic-field modulation amplitude B m , from 10 −2 to 1 mT, was optimized for each investigated sample. The time of EPR saturation t was varied between 20 min and 84 h. The DNP experiments were performed in the Upon completion of the saturation in the EPR spectrometer, the sample was warmed up to room temperature and transferred to a Chemagnetics CMX300 CP/MAS-NMR spectrometer. In order to reduce the rapid nuclear relaxation under the weak earth magnetic field, 23 a permanent magnet with the magnetic field of ϳ10 mT was placed by the sample during the transfer between the EPR and NMR spectrometers. The 29 Si NMR signal was detected at room temperature using Fourier-transformed free induction decay after a / 2 pulse at a magnetic field of 7 T, corresponding to the 29 Si NMR frequency of 60 MHz. The pulse length and the acquisition delay time after the / 2 pulse were 9 and 35 s, respectively. Long 29 Si nuclear spin-lattice relaxation time T 1N ranging between 10 min and 3 h at room temperature 43 in comparison with the sample transfer time of ϳ40 s allowed separation of the EPR saturation and NMR measurements in time and space without a loss of signal intensity.
The value of E, the ratio of P N to P N0 , was determined by comparing the integrated area of the DNP enhanced NMR signal A DNP with the area of the equilibrium NMR signal A eq in accordance with the relation
Here 300 K and 7 T represent the conditions employed for the 29 Si NMR measurement while T and B are the temperature and the magnetic field used for saturation in the EPR spectrometer, respectively. The value of P N was determined by the relation
where ប = h / 2 is the Planck's constant and k B is the Boltzmann's constant. A typical experimental dependence of E, P N , and 29 Si NMR signals on saturation duration t is shown in Fig. 1 .
Exponential evolution of the nuclear polarization with the saturation time was observed in all the investigated samples. The values of E ss , P N ss , and nuclear polarization time T 1N p ͑a time constant of the exponential growth͒ were determined by fitting experimental data ͑squares͒ with a single exponential function ͑dotted line͒.
III. RESULTS AND DISCUSSIONS
A. Effects of the 29 Si and 31 
P concentrations on DNP enhancement
Identification of the DNP mechanism for different f 29Si and N d was made by comparing the EPR spectrum with the NMR signal amplitude after EPR saturation. The well-known EPR spectrum of phosphorus donors in silicon 36, 44 was observed in all investigated samples. All the samples except for 29 Si-5%͑10 17 ͒ exhibited a pair of EPR lines separated by 4.2 mT ͓see Fig. 6͑a͔͒ . Each resonance line shown in Figs. 2͑a͒-2͑c͒ was found to have various peak-to-peak linewidths ͑PPLWs͒ ⌬B pp ranging between 0.07 and 0.99 mT as listed in Table II . The EPR linewidth dramatically increases with f 29Si because the widely extended donor-electron envelope wave function covers a few thousand lattice sites that are randomly occupied by 29 Si nuclear spins. A detailed study of phosphorus EPR broadened lines arising from superhyperfine interaction was performed by Abe et al. 39 with the same isotopically controlled crystals. Only one broad EPR line due to the strong exchange interaction between the phosphorus where B 0 Ϸ 320 mT is the resonant magnetic field. The saturation was performed in the dark at 3.2 K for 29 Si-5%͑10 17 ͒ and at 12 K for the other samples. These temperatures are found to be optimal for DNP as will be discussed in Sec. III C.
The dependence of the amplitude of the DNP enhanced 29 Si NMR signal on B − B 0 for 29 Si-5%͑10 17 ͒ correlates very well with the integrated EPR line as shown in Fig. 2͑d͒ . The maximum NMR amplitude was observed for saturation using a magnetic field at the center of the EPR line. This is clear evidence for the Overhauser effect in this highly phosphorus doped sample. For the other samples with N d Ϸ 10 15 -10 16 cm −3 , the dependences of the NMR signal amplitudes on B − B 0 correlate very well with the first derivative EPR lines as shown in Figs. 2͑a͒-2͑c͒ demonstrating that the solid effect is taking place. The maximum 29 Si NMR signal amplitudes were observed after the saturation in the EPR spectrometer at magnetic fields corresponding to the peaks of the first derivative EPR lines for the samples with f 29Si Ն 4.7% as shown in Figs. 2͑b͒ and 2͑c͒. However, the saturation magnetic fields which provide maximum NMR amplitudes in 29 Si-1% are shifted slightly outside the magnetic fields corresponding to the peak positions of the EPR line ͓see Fig. 2͑a͔͒ . This is clear evidence of the "resolved" solid effect.
The magnetic fields corresponding to the forbidden flipflop and flip-flip transitions are shifted from the center of the EPR line B 0 by the 29 Si nuclear Zeeman frequency, ϮB N = Ϯ B 0 ͑␥ N / ␥ e ͒ = Ϯ 0.10 mT. The spacing between the forbidden transitions 2B N = 0.20 mT is almost three times larger than the measured PPLW ⌬B pp = 0.07 mT for the 29 Si-1%, i.e., the maximum NMR amplitudes appear under saturation at B 0 Ϯ 0.10 mT. In other words, isotopic purification of the host crystal by 28 Si lead to the elimination of inhomogeneous broadening of the EPR line making it much sharper than 2B N = 0.20 mT, i.e., it became possible to resolve the difference in the peak magnetic fields between the EPR spectrum and the dependence of the NMR signal amplitudes on B − B 0 . This so-called resolved solid effect ͑RSE͒ is observed for a first time in silicon. It is also shown that the largest steady-state DNP enhancement E ss = 2680 was obtained with 29 Si-1% for the saturation at B 0 Ϯ 0.10 mT corresponding to the resonant magnetic field of the flip-flop and flip-flip transitions. This value reaches 81% of E max = 3310 and corresponds to P N ss = 1.45%. The dependences of the NMR signal amplitude on B − B 0 for the other samples resemble the first derivative EPR line. This dependence, nuclear polarization proportional to the first derivative EPR line, shows that DNP is a result of the differential solid effect ͑DSE͒. The EPR lines in these samples are inhomogeneously broadened and they are much broader than 2B N = 0.20 mT. In this case, the microwave field applied at the magnetic field B ‫ء‬ simultaneously saturates the forbidden flip-flop and flip-flip transitions of the different spin packets placed at B ‫ء‬ ͓1 ϯ ͑␥ N / ␥ e ͔͒ leading to the opposite nuclear polarization for the given B ‫ء‬ . The DNP enhancement becomes much smaller than the case for the resolved solid effect. The results of DNP for the condition leading to the largest enhancement for each sample are summarized in Table II . The relatively low E ss in 29 Si-10% is due to two times higher phosphorus concentration compared to the other isotopically controlled samples.
The DNP enhancement due to the differential solid effect is reduced from E max and given by 24, 26 
where is the saturated spin packet width and G͑B͒ is the normalized EPR absorption line-shape function. The parameter can be optimized by applying appropriate magneticfield modulation B m Ͻ⌬B pp and using the optimal saturation microwave field B 1 as ϳ͑B 1 2 + B m 2 + B i 2 ͒ 1/2 , where B i is the intrinsic spin packet width. 24 Under these circumstances, the value of the average slope ͗dG͑B͒ / dB͘ is inversely proportional to the EPR linewidth. The DNP enhancement E ss / E max corrected for the equal concentration of the phosphorus donors shown in Fig. 3 ͑squares͒ correlates very well with the dependence of the inverse EPR PPLW 1 / ⌬B pp ͑circles͒ on f 29Si . Table II͒ . This is partly due to the low microwave power ͑200 mW͒ that could not saturate completely the EPR line especially when the phosphorus concentration was high. This is also the case for 29 Si-50% and 29 Si-100% as will be discussed in Sec. III D.
B.
29
Si NMR linewidth and nuclear spin diffusion
The NMR spectroscopy allows for investigation of dipolar interactions between 29 Si nuclear magnetic moments that affect significantly the coherence and gate operation times of nuclear-spin-based quantum computing. Nuclear spin diffusion among 29 Si is especially important for spreading of a particular spin polarization over many spin qubits for initialization.
Nuclear spin diffusion caused by mutual reorientation of two spins in opposite directions ͑flip-flop transitions͒ is an important mechanism for expanding the nuclear polarization from paramagnetic centers to the whole crystal volume. It is taken into account in theory of DNP ͑Refs. 24 and 25͒ and the equations describing the DNP degree and nuclear polarization time can be simplified significantly when the nuclear spin diffusion time T sd is much shorter than the polarization time of 29 Si nuclear spins at the paramagnetic centers. When T sd Ӷ T 1N p , so-called average shell-of-influence model 25 is expected to describe the DNP process and T sd is determined by nuclear spin diffusion coefficient D. To verify the applicability of this DNP model, the nuclear spin diffusion coefficient D and the nuclear spin diffusion time T sd were estimated for all investigated silicon crystals containing different concentration of 29 Si isotopes. We present this section as an indepth follow up of our recent preliminary report. 50 The nuclear spin diffusion coefficient can be described as 26, 40 
where a is the average distance between two neighboring nuclei and W 12 is the probability of flip-flop transition. W 12 can be relatively large for neighboring nuclei and on the order of nuclear spin-spin relaxation rate 1 / T 2N , where T 2N is the nuclear spin-spin relaxation time. D is described by the following approximate relation:
where ⌬ dd is the NMR linewidth determined solely by the dipole-dipole interaction between the nuclear magnetic moments. According to the method of moment developed by Van Vleck 45 the linewidth due to dipole-dipole interaction is proportional to the square root of the second moment of Gaussian line shape and to the square root of the magnetic moment concentration. Kittel and Abrahams 46 further derived that the dependence of the linewidth on magneticmoment concentration is linear for the Lorentzian line shape at low magnetic moment concentration.
Typical DNP enhanced 29 Si NMR spectra are shown in Fig. 4 . The thermal equilibrium signal for the 29 Si-5%͑10 15 ͒ Si NMR spectra detected in isotopically controlled silicon single crystals for orientation of the magnetic field approximately along the ͓111͔ crystal axis. The horizontal axis is offset by 29 Si nuclear Larmor frequency of 60 MHz and the vertical axis is in an arbitrary unit. The thermal equilibrium signal in a 29 Si-5%͑10 15 ͒ is also shown ͑horizontal axis is arbitrarily shifted͒. The dotted curves in the 29 Si-50% and 29 Si-100% indicate the components of absorption curves obtained by fitting it with multiple Gaussian curves. The total area under the NMR spectra is normalized to be unity but multiplied to present their shapes clearly.
DYNAMIC NUCLEAR POLARIZATION OF 29 detected after 66 h relaxation at room temperature and 7 T is also shown to illustrate the effectiveness of DNP. The NMR peaks measured after DNP are strongly enhanced and accompanied by the so-called Pake's doublet arising from the dipole-dipole interaction between the neighbor nuclei and their intensity depends on f 29Si . [47] [48] [49] The 29 Si NMR line shape observed in our samples is Lorentzian for f 29Si Յ 10% and Gaussian for f 29Si Ն 50%. Detailed numerical analysis of the line shape based on the method of moment is presented in our recent publication. 50 To evaluate the linewidths of the complex line shapes, we used the values of ⌬ introduced by Myles et al. 47 as
where F͑0͒ is the value of the normalized NMR line-shape function F͑͒ taken at the center of the NMR line ͑ =0 Hz͒. It can be seen that the dependence of the NMR linewidths ⌬ on f 29Si extrapolated to the limit of f 29Si =0% possesses a finite value of Ϸ70 Hz. The residual linewidth of 70 Hz arises from contributions other than the dipolar couplings between the 29 Si nuclei, e.g., the inhomogeneity of the external magnetic field over the sample and nonzero delay time of the NMR spectrometer when the strongest part of the free induction decay signal is lost. The residual linewidth of Ϸ70 Hz corresponds to the change in the magnetic field by 0.008 mT and this level of fluctuation can exist in our superconducting magnets operating at 7 T. Verhulst et al. 49 have investigated the origin of the similar additional broadening of the 29 Si NMR linewidth and attributed to the inhomogenetiy of the external field. The intrinsic dipolar linewidth 93 Hz in 29 Si-5%͑10 15 ͒ deduced by subtracting 70 Hz from ⌬ = 163 Hz shows a reasonable agreement with the PPLW of 0.012 mT, corresponding to 102 Hz, obtained in a continuous-wave 29 Si NMR experiment. 48 To obtain the contribution to the linewidth purely resulting from the dipole-dipole interaction, ⌬ dd , 70 Hz was subtracted from the ⌬ of each sample. The dependence of ⌬ dd = ⌬ −70 Hz on f 29Si obtained in this manner is shown in Fig. 5 . This shows a linear dependence on f 29Si for f 29Si Յ 10% and approaches a square-root dependence for f 29Si Ն 50%. This observation agrees with the theoretical prediction of the linewidth for the system of randomly distributed spins. 47 It was also shown in our recent publication 50 that direct measurement of the full width at half maximum of NMR signal gives similar results.
The nuclear spin diffusion coefficient D can be estimated by substituting the values of ⌬ dd and a Ϸ N N −1/3 into Eq. ͑5͒. The time of the nuclear polarization transfer T sd for the half distance between the phosphorus paramagnetic centers L = R / 2 can be found by
where R Ϸ N d −1/3 is the average distance between the phosphorus donors. The resulting physical parameters for the nuclear spin diffusion process are summarized in Table III . Table III shows that the time T sd needed for the lattice 29 Si nuclear spins to diffuse a half distance between the phosphorus donors is one order of magnitude shorter than the time T 1N p needed to polarize the 29 Si nuclear spins situated around each phosphorus. This shows that the nuclear spin polarization ͑generation͒ at each phosphorus limits the total spin-polarization rate of 29 Si throughout the entire sample. Such condition known as the regime of "rapid nuclear spin diffusion" 42 was confirmed for all the samples. It also indicates that nuclear spin polarization is spatially homogeneous throughout the entire sample during the DNP process and the average shell-of-influence model 24, 25 that considers the average interaction between each paramagnetic center and the many surrounding nuclei is applicable.
C. Effects of temperature and illumination on DNP enhancement
The transfer of the equilibrium electron polarization to the 29 Si nuclear spin system depends on T 1e because each electron spin must typically flip N N / N d times together with the surrounding nuclear spins to polarize all the 29 Si nuclei between the paramagnetic centers. The closer the electron polarization is to the equilibrium Boltzmann polarization established in the time scale T 1e , the stronger the nuclear polarization becomes during the DNP process. Taking into account such an effect the leakage factor f L can be described as
Here, T 1N is the nuclear spin-lattice relaxation time without saturation of the forbidden flip-flop and flip-flip transitions. T 1N was not measured in this study because it can be more than 100 h at helium temperatures for the samples having N d Ϸ 10 15 cm −3 . DNP enhancement is reduced by the factor ͑1+ f L ͒ −1 for the high saturation level of the forbidden EPR transitions,
͑9͒
For the isotopically controlled samples f L can be estimated by taking the ratio N N / N d , which depends on f 29Si , T 1e , and T 1N . Using N N / N d ϳ 10 7 , T 1e ϳ 10 s for 4.2 K and ϳ10 −4 s for 12 K ͑Refs. 11 and 29͒ and the temperature independent T 1N ϳ 10 6 s, we find f L ϳ 100 for 4.2 K and f L ϳ 10 −3 for 12 K. While the present analysis is only an estimation, the strong dependence of T 1e on the temperature is the major contribution to the temperature dependence of f L and DNP enhancement.
Temperature dependence of the phosphorus EPR spectrum of 29 Si-5%͑10 16 ͒ is shown in Fig. 6͑a͒ . The maximum EPR intensity was observed at a temperature around 18 K. The decreases in the EPR intensity for T Ͼ 25 K and T Ͻ 15 K are due to thermal ionization of the phosphorus donors and the extension of the electron spin-lattice relaxation time, respectively. Similar temperature dependences were observed with all the samples except for the highly phosphorus doped 29 Si-5%͑10 17 ͒ that shows a single EPR line signal gradually decreasing with the increase in the temperature ͓see Fig. 6͑b͔͒ . Figure 7͑a͒ shows the comparison of the temperature dependence of the EPR intensity with and without the band-gap illumination for 29 Si-5%͑10 16 ͒. Similar temperature dependences were confirmed in all other samples exhibiting the solid effect. It is well known that the photoexcitation of electrons to the conduction band by the band-gap illumination reduces T 1e of the localized electrons by several orders of magnitude. 29 T 1e shortened by the spin exchange between the photoexcited conduction electrons and donor electrons leads to an increase in the phosphorus EPR intensity below 10 K. Figure 7͑b͒ shows the temperature dependence of the single EPR line intensity in 29 Si-5%͑10 17 ͒ in the dark. Here the illumination has very little effect because of existence of the high-density carriers leading to short T 1e even in the dark.
Temperature dependence of E ss was also studied. The saturation for each sample was performed at a magnetic field corresponding to the maximum amplitude of the NMR signal in Fig. 2 . Figure 8͑a͒ shows the temperature dependence of E ss for 29 Si-5%͑10 16 ͒. Similar temperature dependences were confirmed for all the samples exhibiting the solid effect. These dependences correlate very well with that of the EPR line intensities as can be seen by comparing Fig. 8͑a͒ with Fig. 7͑a͒ . The temperature dependence of E ss for 29 Si-5%͑10 17 ͒ exhibiting the Overhauser effect is also similar to that of the EPR intensity as can be seen by comparing Fig. 8͑b͒ with Fig. 7͑b͒ . The maximum values of E ss were achieved at 12 K without illumination in the samples exhibiting the solid effect. The decrease in E ss at lower temperatures is due to the increase in T 1e and consequently to the increase in f L . This explains the low enhancement E =30 obtained in the earlier experiments performed by Abragam et al. 28 at 4.2 K. Shortening of T 1e by the illumination leads to an increasing of dynamic polarization even in the lowtemperature region. The maximum value of E ss = −10 was Similar to the results of the 13 C DNP experiments in the diamond, 51 the linear dependence of the nuclear polarization rate 1 / T 1N p on N d was found for naturally abundant silicon samples investigated in this study. However, nonmonotonous behavior of 1 / T 1N p on f 29Si was found. The dependence of 1 / T 1N p that has been scaled to the value for the donor concentration N d =10 15 cm −3 is shown in Fig. 9 ͑squares͒. 1/ T 1N p increases linearly with f 29Si for f 29Si Յ 10%, while 1 / T 1N p saturates and decreases with an increase in f 29Si for f 29Si Ն 50%. The linear dependence for f 29Si Յ 10% is in accordance with theory of nuclear spin-lattice relaxation. Its deviation for f 29Si Ն 50% is due to incomplete saturation of the forbidden transitions. 1 / T 1N p depends on the nuclear spin diffusion processes, microwave power employed in saturation, and the leakage factor. One order of magnitude difference in 1 / T 1N p between 29 Si-1% and 29 Si-10% cannot be explained by the factor of 2 increase in D ͑see Table III͒. In the regime of rapid nuclear spin diffusion, the average shell-of-influence model 25 can be applied with a nuclear spin-lattice relaxation rate 1 / T 1N without EPR saturation,
where g is the electron g factor, ␤ is the Bohr magnetron, and d is the diffusion barrier. d is defined as the distance at which the magnetic field of the paramagnetic center is equal to the dipole field of the nearest nucleus 25, 26, 42 
where e and N are the electron and nuclear magnetic moments, respectively. The case of rapid nuclear spin diffusion corresponds to d Ͼ b, where b is the diffusion radius given as 26, 41, 42 
. ͑12͒
Here, b gives the distance from the paramagnetic center at which the nucleus has an equal probability of being flipped by the paramagnetic center or by a neighboring nucleus. In the diffusion-limited case corresponding to d Ͻ b, 1/ T 1N is given by 26, 41, 42 1
The nuclear polarization rate 1 / T 1N p is faster than the nuclear spin-lattice relaxation rate 1 / T 1N without EPR saturation. If the saturation is sufficient, 1 / T 1N p depends on f L , according to the relation 24 1
͑14͒
Two cases are considered. First, if the extraneous nuclear relaxation is significant f L is proportional to N N / N d ͑Ref. 24͒ and, consequently, to f 29Si . According to Eq. ͑14͒ 1 / T 1N p is inversely proportional to f L for f L Ӷ 1 and approaches 1 / T 1N for f L ӷ 1. This behavior is clearly inconsistent with our experimental results. In the second case, if the extraneous nuclear relaxation is negligibly small, the leakage factor becomes f L Ӷ 1 and does not depend on N N / N d . 24 In this simple case, 1 / T 1N p is proportional to 1 / T 1N and therefore depends linearly on d −3 ϳ a −3 ϳ f 29Si according to Eq. ͑10͒. Such a linear dependence passing an experimentally found 1 / T 1N p value for f 29Si = 1.2% shown in Fig. 9 describes the linear increase in 1 / T 1N p for f 29Si Յ 10% very well. The dependence of D on f 29Si appearing in Eq. ͑13͒ is too weak to explain the experimentally observed increase in 1 / T 1N p . Deviation of the experimentally observed nuclear polarization rate from the linear dependence for f 29Si Ն 50% may be attributed to the incomplete saturation of forbidden transitions. In the case of an inhomogeneously broadened EPR line, only a small part of the ensemble of spin packets can be saturated and the ͑squares͒, and the nuclear polarization rate assuming complete saturation and the absence of extraneous nuclear relaxation ͑circles͒. The latter rate is scaled to have the same value as the former rate at f 29Si = 1.2%.
remaining spin packets contribute to the leakage of the nuclear polarization. It is not possible to determine the values of f L without the knowledge of 1 / T 1e and 1 / T 1N . It requires measurements of extremely long T 1N that reaches several days at low temperatures. The leakage factor estimated by Eq. ͑9͒ is f L Ϸ 0.235 using the experimental value of E ss = 2680 for 29 Si-1%. This value should be regarded as an upper limit for f L because the forbidden transitions overlap partially with the EPR lines, as shown in Fig. 2͑a͒ , and such an overlap decreases the DNP enhancement. Using Eq. ͑14͒ we can estimate the lower limit of the nuclear spin-lattice relaxation time as T 1N Ϸ 386 h for 29 Si-1%.
E. Toward further improvement of DNP in silicon
Thanks to the resolved solid effect, we have achieved the DNP enhancement that is close to the theoretical limit with 29 Si-1%. Lower enhancements in other samples showing the differential solid effect can be improved significantly by applying the integrated solid effect. 30 On the other hand increasing the magnetic field up to a few tesla will lead to resolved solid effect even in the higher 29 Si samples because the spacing between the forbidden transitions is given by 2B N .
Very long electron spin-lattice relaxation time of the lowdensity phosphorus samples at around 4 K is revealed to be limiting the DNP enhancement. Because such low temperature is needed for large polarization, the long electron spinlattice relaxation time must be shortened. However, our attempt of DNP under illumination or with higher phosphorus doping to shorten the relaxation time did not only work but even reduced the enhancement significantly. The DNP enhancement depends strongly on the maximum power of microwave source for such high carrier density samples. Indeed, high microwave power irradiation under very low temperature was employed recently and the DNP enhancement of E = 150 corresponding to P N =5% was obtained for silicon microparticles at 1.4 K and 2.35 T. 16 DNP of our bulk samples with such high power microwave should lead to larger enhancements.
By far the simplest approach to achieve higher nuclear polarizations is seeking for higher magnetic fields and lower temperature. Recently, 68% polarization of 31 P nuclear spins in silicon has been obtained at 1.37 K and 8.5 T without resonant manipulation. 17 However, quantum computing scheme very often requires moderate temperature, magnetic field, and irradiation powers in order to optimize all the other elements such as logic operation and readout processes. In this regards, it is worthwhile to employ other paramagnetic centers having shorter electron spin-lattice relaxation time, for example, boron, lithium, etc., to seek for higher DNP of 29 Si nuclei.
IV. CONCLUSION
We have investigated EPR-induced DNP of 29 Si in silicon single crystals containing controlled concentrations of phosphorus donors and 29 Si isotopes. The Overhauser effect was observed in the sample with phosphorus concentration N d Ϸ 10 17 cm −3 due to the electron exchange between the phosphorus donors. The solid effect via fixed phosphorus paramagnetic centers was observed in the samples with lower phosphorus concentrations N d Ϸ 10 15 -10 16 cm −3 . The largest DNP enhancement E ss = 2680 corresponding to 81% of E max = 3310 and P N ss = 1.45% was observed in the sample with least amount ͑1.2%͒ of 29 Si. This is a result of the sharp EPR line exhibiting the resolved solid effect allowing for the selective saturation of the forbidden transition. The DNP enhancement in samples with larger 29 Si concentrations is due to a differential solid effect and decreases with increasing 29 Si concentrations.
The DNP enhancement depends strongly on the electron spin-lattice relaxation time T 1e which was controlled successfully by temperature and illumination. The temperature dependence of E ss correlates very well with that of the EPR line intensity. The maximum DNP enhancement without illumination was observed at 3.2 K for the sample exhibiting the Overhauser effect and at 12 K for the samples exhibiting the solid effect.
The linewidth of DNP enhanced 29 Si NMR peaks is proportional to the 29 Si isotope abundance f 29Si for f 29Si Յ 10% and approaches square-root dependence for f 29Si Ն 50%. The spin diffusivity D for room temperature obtained from the NMR linewidth varied between 1 ϫ 10 −14 cm 2 / s for f 29Si = 1.2% and 4 ϫ 10 −14 cm 2 / s for f 29Si = 99.2%. The comparison of the nuclear polarization time T 1N p with the nuclear spin diffusion time T sd shows that T sd Ӷ T 1N p for all of the investigated samples, i.e., the regime of rapid nuclear spin diffusion takes place.
The dependence of the nuclear polarization rate 1 / T 1N p was found to be proportional to N d . 1/ T 1N p was also proportional to f 29Si for f 29Si Յ 10%. The linear increase in 1 / T 1N p with f 29Si is explained by a decrease in the distance between the 29 Si nuclei and diffusion barrier, rather than by the increase in D with the increase in f 29Si . The deviation from the linear dependence for f 29Si Ն 50% is attributed to the incomplete saturation of forbidden transitions.
